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Abstract This paper addresses the problem of distributed coordination control of
spacecraft formation. It is assumed that the agents measure relative positions of
each other with a non-zero, unknown constant sensor bias. The translational dy-
namics of the spacecraft is expressed in Euler-Lagrangian form. We propose a novel
distributed, model independent control law for synchronization of networked Eu-
ler Lagrange system with biased measurements. An adaptive control law is derived
based on Lyapunov analysis to estimate the bias. The proposed algorithm ensures
that the velocities converge to that of leader exponentially while the positions con-
verge to a bounded neighborhood of the leader positions. We have assumed a con-
nected leader-followers network of spacecraft. Simulation results on a six spacecraft
formation corroborate our theoretical findings.

1 Introduction

Spacecraft formation flying is one of the most important technological challenges
for modern day space agencies with application to areas like synthetic aperture
radars and deep space exploration [15]. These missions require that spacecraft main-
tain a desired relative position and attitude at all times. In synchronization problems
consensus is the significant objective and implies that all the agents reach an agree-
ment on a common value by locally interacting with their neighbors. In distributed
multi-agent coordination problems (distributed algorithm allows the agents to ex-
ecute control law without requiring information of the network as a whole), point
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models are generally considered due to their simplicity but are not realistic. Euler–
Lagrange equations can be used to model a large class of aero-mechanical systems
including autonomous vehicles and spacecraft in formation [12]. Networked La-
grangian systems are studied in detail in [12], where the authors propose consen-
sus algorithms accounting for actuator saturation and for unavailability of measure-
ments of generalized coordinates. In [9] formation dynamics of spacecraft formation
is discussed, describing the dynamics in Euler-Lagrangian form.

Distributed and model independent algorithms for directed networks in the pres-
ence of bounded disturbance is addressed in [4]. In [2] a control law to achieve fi-
nite time coordinated control for 6DOF spacecraft formation is developed. However,
this algorithm is model dependent and requires the knowledge of self states of the
agents, and further the gravitational and centrifugal forces acting on them. A model
dependent control law is designed in [10] using contraction analysis for synchro-
nization of spacecraft. In [11], a synchronization controller for attitude and position
control of a spacecraft formation is designed which rely on all to all communication
topology. An algorithm for tracking of Lagrangian systems using only position mea-
surements is developed in [8] by encompassing a distributed observer to estimate
unknown velocity of the agents. An output feedback structured model reference
adaptive control (MRAC) law has been developed for spacecraft rendezvous in [7].
However, their control law works well only in the presence of bounded disturbances
and measurement errors. In [3], the coordination control problem of heterogeneous
first and second order multi-agent systems with external disturbances is considered,
but the disturbances are assumed to be L2 bounded. In [14], a composite consensus
control strategy is proposed for second-order multi-agent systems with mismatched
bounded disturbances.

In the aforementioned literature on consensus with errors, adaptive control algo-
rithms in the presence of an upper bound on disturbances and stochastic errors have
been studied. But what happens to consensus in the presence of measurement errors
with unknown bounds? The current work addresses this problem. Further, strategies
for handling disturbance do not usually fare well for the case of measurement errors
simply due to the fact that the measurement errors scale with the control gain while
disturbances external to the system do not. This makes ensuring bounded trajecto-
ries with constant measurement bias a much harder problem than the disturbance
robustness case. The relevant contributions in the domain of measurement bias er-
rors known to the authors are by [1] and [5]. While the former proposes an adaptive
control law in the presence of constant bias for a double integrator system, the latter
addresses the problem of accommodating unknown sensor bias in a direct MRAC
setting for state tracking using state feedback. Motivated by the above work, we
present a distributed model independent synchronization algorithm for a spacecraft
network described in Euler-Lagrangian form and achieving consensus to a neigh-
borhood in the presence of an unknown, unbounded and constant sensor bias in the
measurement of relative position.
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2 Preliminaries

In this section we present several notations, lemmas, assumptions and an introduc-
tion on graph theory for subsequent use.

2.1 Mathematical Notations

Given a vector x = [x1, ...,xn]
T ∈Rn, sgn(x) = [sgn(x1), ...,sgn(xn)]

T , where sgn(·) is
the standard signum function, 1n = [1, ..,1]T and 0n = [0, ...,0]T . One-norm and Eu-
clidean norm of a vector x are denoted by ‖x‖1 = ∑

n
i=1 |x|i and ‖x‖ = (∑n

i=1 |x|2i )
1
2 re-

spectively. A Diagonal matrix with diagonal elements as d1,d2, ...,dn is represented
by diag(d1, ...,dn) and a block diagonal matrix with diagonal matrices B1, ...,Bn is
represented by blkdiag(B1, ...,Bn). A n×n identity matrix is denoted by In×n and a
matrix with all elements as zero is denoted by 0n×n. We use ⊗ to denote Kronecker
product.

2.2 Graph Theory

Consider a multi-agent system with n agents interacting with each other through
a communication or sensing network or a combination of both. This network is
modeled as either undirected or directed graph. We define the graph, G , (V ,E ),
where V , 1, ...,n is a node set and E ⊆ V ×V is an edge set of nodes, called
edges [13]. An edge (i, j) in the edge set of a directed graph signifies that agent j
can obtain information from agent i but not vice-versa. If an edge (i, j) ∈ E , then
node i is a neighbor of node j. The set of neighbors of node i is denoted by Ni. In an
undirected graph the pair of nodes are unordered, where the edge (i, j) denotes that
agents i and j can obtain information from each other, i.e. ( j, i) ∈ E ⇔ (i, j) ∈ E .
A weighted graph associates a weight with every edge in the graph. An undirected
graph is connected if there is an undirected path between every pair of distinct nodes
[13]. The adjacency matrix, A = [ai j] ∈ Rn×n, is defined such that ai j is a positive
weight if ( j, i) ∈ E and ai j = 0 if ( j, i) 6= E . Since no self edges are present, aii = 0.
For an undirected graph, A is symmetric. The degree matrix of the graph G is,

D = diag(
n
∑
j=1

a1 j, ...,
n
∑
j=1

an j) ∈ Rn×n. Laplacian matrix, L , [li j] ∈ Rn×n, is then

defined as

L = D−A

lii =
n

∑
j=1, j 6=i

ai j, li j =−ai j, i 6= j (1)

Copyright by the author(s) and/or respective owners. Published with authorisation by CEAS.



4 Himani Sinhmar and Sukumar Srikant

L is symmetric for undirected graphs and since L has zero row sums, 0 is an
eigenvalue of L with an associated eigenvector 1n. Laplacian matrix is diagonally
dominant and has non negative diagonal entries [13]. Note that, L x is a column

stack vector of
n
∑
j=1

ai j(xi− x j), where x = [x1, ...,xn]
T ∈ Rn.

For a leader follower network, we let the leader be denoted by 0 and followers by
nodes 1, ...,n. The Laplacian matrix of the followers is denoted by L . The commu-
nication between the leader and a follower is unidirectional with the leader issuing
the communication. The edge weight between the leader follower is denoted by
ai0, i ∈ V . If the ith follower is connected to the leader then ai0 > 0 and 0 otherwise.
We define Ā = diag(a10, ...an0).

2.3 Lemmas

Assumption 1. All followers are connected to the leader and the communication
network is undirected.

Assumption 2. Neighbors can exchange both, their measurement of relative posi-
tion of the leader and their estimate of the bias.

Lemma 1. [13] If Assumption 1 holds then L + Ā is positive definite.

Lemma 2. [13] If the symmetric matrix H > 0 ∀ x ∈ Rn, then

λmin(H)‖x‖2 ≤ xT Hx≤ λmax(H)‖x‖2 (2)

Lemma 3. [13] If graph G is undirected and connected, then L has following prop-
erties:

1. For any x ∈ Rn, xT L x = 1
2

n
∑

i=1

n
∑
j=1

ai j(xi− x j)
2 which implies that L is positive

semidefinite
2. L x = 0 or xT L x = 0 if and only if xi = x j for all i, j = 1, ...,n
3. Let λi(L ) be the ith eigenvalue of L with λ1(L ) ≤ λ2(L ) ≤ · · · ≤ λn(L ), so

that λ1(L ) = 0. Then, λ2(L ) is the algeberic connectivity, which is positive if
and only if the undirected graph is connected. The algebraic connectivity quan-
tifies the convergence rate of consensus algorithms

Lemma 4 (Barbalat’s Lemma). [6] If, for a vector-valued function, f (·) : R→Rn

the following conditions hold true,

1. limt→∞

∫ t
0 f (τ)dτ exists and is finite

2. f (t) is uniformly continuous

then, limt→∞ f (t) = 0.

Corollary 1. If, for a vector-valued function, f (·) : [0,∞)→ Rn the following two
conditions hold true,
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1. f (x) ∈ L∞∩Lp for any p ∈ [1,∞) and,
2. f ′(x) ∈ L∞

then, limx→∞ f (x) = 0

Lemma 5. [12] Let x and y be any two vectors in Rn, A ∈ Rn×n be a matrix. Then,

xT sgn(x) = ‖x‖1 (3)
‖x‖1 ≥ ‖x‖ (4)

|xT Ay| ≤ ‖x‖‖A‖‖y‖ (5)

2.4 Spacecraft Relative Orbital Dynamics

For a leader follower spacecraft formation, relative translational orbital dynamics
equations are described in [9]. The leader orbit frame has its origin located in the
centre of mass of the leader spacecraft. The er axis is parallel to rl (vector joining

Fig. 1 Earth centered initial frame (iX, iy, iZ) and Leader orbit reference frame (er,eθ ,eh)[9]

the center of the earth and the leader) and eh axis is parallel to the orbit momentum
vector which points in the orbit normal direction. The eθ axis completes the right
handed orthogonal frame. Non-linear relative motion dynamics for spacecraft in
formation is given by (6) :
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ẍ−2θ̇ ẏ+
(

µ

r3
f
− θ̇

2
)

x− θ̈y+µ

(
rl

r3
f
− 1

r2
l

)
=

τx

m f
(6a)

ÿ+2θ̇ ẋ+ θ̈x+
(

µ

r3
f
− θ̇

2
)

y =
τy

m f
(6b)

z̈+
µ

r3
f
z =

τz

m f
(6c)

where rf is the orbit radius of the follower and θ̇ is the true anomaly rate of the of
the leader. τ is the actuator force of the follower. p =

[
x y z

]T is the relative position
between the leader and follower in leader orbit reference frame. m f and ml are the
masses of the follower and leader respectively and µ = GMe, where Me is the mass
of the earth. (6) can be written in the Euler Lagrangian form for the ith follower as,

Miq̈i +Ci(θ̇)q̇i +gi(θ̇ , θ̈ ,qi) = τ i (7)

where

Mi =

mi 0 0
0 mi 0
0 0 mi

 (8)

Ci =

 0 −2miθ̇ 0
−2miθ̇ 0 0

0 0 0

 (9)

gi = mi



(
µ

r3
f
− θ̇ 2

)
xi− θ̈yi +µ

(
rl
r3

f
− 1

r2
l

)
θ̈xi +

(
µ

r3
f
− θ̇ 2

)
yi

µzi
r3

f

 (10)

Here, qi =
[
xi yi zi

]T and q̇ is the relative position and relative translational velocity
of the ith agent with respect to the leader in leader orbit reference frame. Define
q , [q1, ...,qn]

T , q̇ , [q̇1, ..., q̇n]
T , τ , [τ1, ...,τn]

T , M , diag(M1, ...,Mn), C ,
diag(C1, ..,Cn) and g , [g1, ...,gn]

T

3 Problem Formulation

We are interested in formation flight of spacecraft described by the following Euler-
Lagrange equation,

Mi(qi)q̈i +Ci(qi, q̇i)q̇i +gi(qi) = τ i, i = 1, ...,n (11)
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where qi ∈ Rp is the relative position vector of the ith agent with respect to the
leader, Mi(qi) ∈ Rp×p is the symmetric positive definite inertia matrix, Ci(qi, q̇i)q̇i
is the vector of Coriolis and centrifugal torques, gi(qi) is the vector of gravitational
torques and τ i ∈ Rp is the force produced by the actuator of the ith agent. Here,
the leader specifies the objective for the follower network. The agents can measure
relative positions using line of sight vector technique and a constant unknown bias,
bi ∈R3 for ith agent, is present in these measurements. Now, we make the following
assumptions:

Assumption 3. There exist positive constants kmi ,kci and kg such that Mi(qi)−
kmiIp ≤ 0, ‖(gi(qi))‖ ≤ kg and ‖(Ci(qi, q̇i))‖ ≤ kci

Assumption 4. Ṁi(qi)−2Ci(qi, q̇i) is skew symmetric

The objective is for the followers to approach the generalized coordinates of the
leader with local interaction. We propose a non linear, distributed and model inde-
pendent adaptive control law which ensures asymptotic convergence to a neighbor-
hood of the consensus. A Lyapunov based analysis is used to derive bias estimator
dynamics.

4 Control Law Design

Define

si = q̇i +λ (qi +bi− b̂)i, λ ≥ 0 (12)

where bi is the bias and b̂i is the estimate of the bias for the ith agent. (7) can then
be written as:

Miṡi = τ i−Ciq̇i−gi +λMi(q̇i− ˙̂bi) (13)

We propose the following control law :

τ i =−α

n

∑
j=0

ai j(si− s j)−βisgn(si)− γi ‖q̇i‖sgn(si), α,βi,γi ≥ 0 (14)

τ =−α[(L + Ā)⊗ I3]s−β sgn(s)−Γ Qsgn(s) (15)

where Γ , blkdiag(γ1I3, ...,γnI3) and Q , blkdiag(‖q̇‖1 I3, ...,‖q̇‖n I3) and s ,
[s1, ...,sn]

T . Define the following placeholders for brevity:

H = L + Ā (16)
H1 = H⊗ I3 (17)

b̃ = b− b̂ (18)

q̃ = q+ b̃ (19)
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The adaptive control law for estimating bias is taken to be:

˙̂b =−q̇ (20)

Theorem 1. Consider the multi-agent leader follower spacecraft network with agent
dynamics given by (11) and an undirected connected communication graph G . If
Assumptions 1 - 4 hold, then the control law described by (12)–(15) and bias adap-
tation law (20), guarantees that lim

t→∞
q̇(t)→ 0, lim

t→∞
[q(t)+ b̃(t)]→ 0 exponentially.

Proof. Consider the following Lyapunov function candidate

V =
1
2

sT Ms (21)

Taking derivative along dynamics and control from (11)–(15),

V̇ =
1
2

sT Ṁs+ sT Mṡ

= sT (−αH1s−β sgn(s)−Γ Qsgn(s)−Cq̇−g+λM(q̇− ˙̂b))

=−αsT H1s−β ‖s‖1− sT
Γ Qsgn(s)− sT Cq̇− sT g+λ sT M(q̇− ˙̂b) (22)

Further, substituting (20) and using Lemmas 2 and 5, we have

V̇ ≤−αsT H1s−β ‖s‖+ kg ‖s‖− sT
Γ Qsgn(s)− sT Cq̇+2λ sT Mq̇

≤−αsT H1s− (β − kg)‖s‖−
n

∑
i=1

γi ‖q̇i‖‖si‖1−
n

∑
i=1

sT
i Ciq̇i +2λ

n

∑
i=1

sT Miq̇i

≤−αsT H1s− (β − kg)‖s‖−
n

∑
i=1

γi ‖q̇i‖‖si‖+
n

∑
i=1
‖si‖‖Ci‖ q̇i +2λ

n

∑
i=1
‖si‖‖Mi‖‖q̇i‖

≤ −αsT H1s− (β − kg)‖s‖+
n

∑
i=1

(kci +2λkmi − γi)‖si‖‖q̇i‖ (23)

If we choose

β > kg (24)
γi > kci +2λkmi (25)

We have

V̇ ≤−αsT H1s

≤−αλmin(H)‖s‖2 (26)

From (21) we have,

V ≤ km

2
‖s‖2 =⇒ ‖s‖2 ≥ 2

km
V
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Substituting this in (26),

V̇ ≤−ηV, η =
2αλmin(H)

km
≥ 0

V (t)≤V (0)e−ηt (27)

(27) implies lim
t→∞

V (t)≤ 0. However, from (21) we have V (t)≥ 0 implying lim
t→∞

V (t)=

0 =⇒ lim
t→∞

s(t) = 0. Let the initial condition for position, velocity and bias be given

by q(0), q̇(0) and b̃(0) respectively. Using (20) and the fact that lim
t→∞

s(t) = 0 we
have,

q̇+λ (q+ b̃) = 0 (28)

Solving (20) and (28) using Laplace transform we get

q̇ =−λ (q(0)+ b̃(0))e−2λ t (29)

q =

(
q(0)+ b̃(0)

2

)
e−2λ t +

(
q(0)− b̃(0)

2

)
(30)

b̃ =

(
q(0)+ b̃(0)

2

)
e−2λ t −

(
q(0)− b̃(0)

2

)
(31)

Applying limit on (29), (30) and (31) to analyze the asymptotic behavior :

lim
t→∞

q̇(t) = 0 (32)

lim
t→∞

[q(t)+ b̃(t)] = 0 (33)

lim
t→∞

q(t) =
q(0)− b̃(0)

2
(34)

lim
t→∞

b̃(t) =−
(

q(0)− b̃(0)
2

)
(35)

Hence, using the proposed control law we are able to achieve exponential conver-
gence of velocity (q̇) and (q+ b̃) as seen from (29)-(31) while position and bias
converges to a constant value in the neighborhood of consensus. ut

5 Simulations

In this section, simulations results are presented to validate our algorithm. We have
considered one leader and five agents. All the agents are assumed to be connected
to leader. The Laplacian and Adjacency matrix of the followers are given by:
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L =


1 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1

 , A =


0 1 0 0 0
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0

 (36)

The reference orbit (leader’s orbit) is assumed to be circular with rl = 7078km and
mass of each follower is identical, mi = 1kg. The initial relative position of the fol-
lowers is randomly chosen to lie between [0,9]m while the initial relative velocities
lie in [0,6]m/s. The true bias lies in the range of [−1,2]m for each coordinate of
agents. The initial estimate of bias for ith agent is initialized as, b̂i = (bi−1)m. The
constants α , λ , βi and γi are chosen to be 1, 0.5, 20.2 and 3.12 respectively.

Fig. 2 shows time variation of the compensated biased relative positions of the
followers. It is evident by this figure that q+ b̃→ 0 exponentially for all the agents.
From Fig. 4 we can observe that the bounded trajectories are obtained for all the
followers in the neighborhood of leader’s orbit asymptotically. This bound on the
trajectory depends on the initial value of the biased position. Fig. 3 shows the relative
velocities of the followers with respect to leader. It can be seen that velocity for all
the followers approach to that of leader exponentially.

Fig. 2 [q(t)+ b̃(t)](m) vs time (s). The sum of position and b̃ exponentially converges to leader’s
trajectory
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Fig. 3 q̇(t)(m/s) vs time (s). The velocity of all agents converges exponentially to the leader’s
velocity

Fig. 4 q(t) vs time. Position of the followers converges to a constant value in the neighborhood of
the leader’s trajectory
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6 Conclusion

A distributed model independent algorithm is proposed in this paper for an undi-
rected connected network governed by Euler-Lagrange dynamics with biased mea-
surements to achieve consensus. It is shown that the velocity and biased posi-
tion with bias compensation exponentially converges to the leader’s trajectory. No
knowledge of upper bounds on the measurement errors are assumed in this work. To
ensure stability, control gain matrices are introduced which require the knowledge
of upper bounds on the inertia matrix and centrifugal matrix of the system. These
requirements are reasonable as we usually know the nominal dynamics of the agents
which can directly give the possible bound on these quantities. This algorithm can
be easily extended to any Euler-Lagrange system. Simulations are provided to show
the effectiveness of this algorithm. In future work, modification in the proposed al-
gorithm will be investigated to reduce the bound on consensus errors. Moreover,
actuator saturation also needs to be taken into account.
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