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Abstract This paper presents a new class of adaptive controllers for robot ma-
nipulators under parameter uncertainties. The core design structure of this
method is the employment of a special adaptive algorithm, in which both
instantaneous state data and past measurements (historical data) are intro-
duced into the adaptation process. The main contribution of the overall con-
trol scheme is that parameter estimation errors are ensured to exponentially
converge to zero subject to the satisfaction of a finite excitation condition,
which is a relaxation when compared to the persistent excitation condition
that is typically required for these classes of problems regarding parameter
convergence. Numerical simulations are illustrated to show the effectiveness
of the proposed method.

1 Introduction

With the rapid development of space industry, robot manipulator systems
play an increasingly pominent role due to applications such as in on-orbit re-
fueling and assembly [1]. The control problems of robot manipulator systems
have received wide attention in the literature in recent decades [2, 3, 4]. In
particular, various adaptive control methods have been extensively investi-
gated to address trajectory tracking problems of robot maniplator systems in
the presence of parameter uncertainties [5, 6, 7]. Most of the existing results
are based on the certainty equivalence (CE) principle, which enables adap-
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tive controllers to retain same structures as the deterministic-case controllers
(no uncertainties in system dynamics) while replacing the unknown param-
eters with their instantaneous estimates, and then further introduce stable
adaptive laws to cancel out undesirable terms resulting from the parameter
estimation errors in the closed-loop dynamics. Given this design philosophy,
the performance of CE-based controllers can typically only at best match the
performance of the corresponding controllers for deterministic cases, that
too, only if parameter estimates rapidly converge to their corresponding true
values (unknown). This is due to the fact that adaptive controllers synthe-
sized through the CE principle are intrinsically designed to ensure tracking
error elimination instead of precise parameter estimation. Moreover, it is well
understood that CE-based adaptive controllers cannot guarantee the conver-
gence of parameter estimation errors to zero unless reference signals addi-
tionally satisfy certain persistent excitation (PE) conditions [8]. These facts
result in potential performance degradation of CE-based adaptive controllers
in many applications when compared with original deterministic controllers.
Thus, research efforts in the adaptive control field started exploring devia-
tions from the CE philosophy and by seeking the introduction of judiciously
designed parameter update laws into the adaptation process. A notable ex-
ample of such an effort is the immersion and invariance (I&I) formulation
[9, 10], which has been shown to address many limitations arising from the
original CE design structure. However, even though I&I-based controllers
have been demonstrated to have potentially improved parameter estimation
and state tracking performance (for example, Ref. [11]), the convergence of
estimation errors under these new schemes are still subject to the satisfaction
of PE conditions.

Aiming to address the possible absence of persistence of excitation, the
main contribution of this paper is the introduction of a new adaptive control
scheme for tracking control problems in robot manipulator systems, which
has the ability to ensure the convergence of not only state tracking errors
but also parameter estimation errors while relaxing the strict PE condition.
It should be emphasized that the results presented in this paper are par-
tially inspired by the concurrent learning adaptive control (CLAC) theory
[12, 13], but maintain certain crucial distinctions. The CLAC design inno-
vatively uses specially selected and online recorded state data concurrently
with instantaneous state data for adaptation, Under the CLAC framework,
if system states could be providing sufficient excitation over a finite interval
(which is formally referred to as a finite excitation (FE) condition), the con-
trol algorithm can be designed such that rich enough historical data could be
recorded to ensure the convergence of parameter estimation errors. However,
to acquire the historical data, smoothers or observers (such as the optimal
fixed point smoother given in Ref. [12]) need to be employed to approximate
state derivatives, a process that is usually vulnerable to multiple sources of
measurement noise and approximation errors. This requirement thus lays a
great theoretical barrier for the applications of CLAC to mechanical systems
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due to the inevitable coupling that exists between state derivatives and un-
known parameters. In this paper, we significantly extend the original CLAC
framework, and for the first time (to the best knowledge of the authors), a
novel adaptive tracking control algorithm ensuring precise parameter esti-
mation under a FE condition is developed for robot manipulator systems.
To be specific, low-pass filtered regressor matrices and states are first in-
troduced into the formulation, which could not only circumvent the state
derivative estimation requirements of the classical CLAC formulation within
the adaptation scheme but also renders the resulting parameter-adaptation
dynamics reside within a stable and attracting manifold. Subsequently, a
special information matrix is designed to continuously record historical data
and introduce new information into adaptation process, and a judiciously
designed non-CE term is also introduced into the adaptive algorithm to help
the resulting closed-loop system overcome the uniform detectability obstacle
if FE condition cannot be satisfied. Since the adaptive law is intrinsically
the combination of an information-based part and a non-CE part, we label
the proposed controller a composite adaptive controller. Under this design
framework, system states could asymptotically track the desired trajectories,
and if the reference signal further satisfies a FE condition (a much weaker
condition than PE), state tracking errors as well as parameter estimation
errors are guaranteed to exponentially converge to zero.

The remainder of this paper is organized as follows. The robot manipulator
dynamics is introduced in Sec. II, and the control problem is also formulized.
The main results of this paper are presented along with theoretical stability
proof in Sec. III. Subsequently, prototypical simulation results are illustrated
in Sec. IV to show the effectiveness and advantages of the proposed method.
And then this paper ends with some conclusions in Sec. V.

2 Preliminaries and Problem Formulation

2.1 Preliminaries

Before presenting the main results of this paper, the definitions of FE and
PE conditions are first introduced as follows.

Definition 1. [12] A bounded signal f (·) : R→ Rn×m is said to be finite excit-
ing (FE) over an interval [t, t +T ], where t ≥ 0 is finite, if there exist finite
constants T > 0 and c > 0 such that∫ t+T

t
f T(τ) f (τ)dτ ≥ cIIIm×m (1)

where IIIm×m is the m dimensional identity matrix.
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Definition 2. [14] A bounded signal f (·) : R→Rn×m is said to be persistently
exciting (PE) if there exist finite positive constants c and T such that for
arbitrary t ≥ 0, one has ∫ t+T

t
f T(τ) f (τ)dτ ≥ cIIIm×m (2)

The contrast between FE and PE conditions are clearly indicated by their
definitions, the former requires the signal to be exciting just over a finite time
interval, whereas, qualitatively speaking, PE implies the satisfaction of FE
throughout the whole timeline.

2.2 Problem Formulation

In this paper, the dynamics of n-degree-of-freedom rigid robot manipulator
systems is employed, which could be described by the following model:

ẋxx1 = xxx2 (3)

M(xxx1)ẋxx2 +C(xxx1,xxx2)xxx2 +g(xxx1) = uuu (4)

where xxx1,xxx2 ∈ Rn respectively denote the generalized position and velocity
vectors, M(xxx1) is the generalized mass matrix, C(xxx1,xxx2) denotes the Coriolis
matrix, uuu is the control input to be designed, and the gravity vector is denoted
by g(xxx1). The dynamics given in Eqs. (3)-(4) satisfies several well-known
structural properties as follows [15]:

1) M(xxx1) is positive definite for all xxx1 ∈Rn, furthermore, there exists positive
constants λmin and λmax such that

λmin ≤ ∥M(xxx1)∥ ≤ λmax, ∀xxx1 ∈ L∞ (5)

2) For arbitrary vectors yyy,zzz ∈ Rn, the governing equations given in the fol-
lowing form permit a parameter affine representation

M(xxx1)yyy+C(xxx1,xxx2)zzz+g(xxx1) = Y (xxx1,xxx2,yyy,zzz)θθθ ∗ (6)

where Y (xxx1,xxx2,yyy,zzz)∈Rn×m is a regressor matrix, and θθθ ∗ ∈Rm contains the
information of all unknown constant parameters.

3) M(xxx1) and C(xxx1,xxx2) satisfy the following skew-symmetric property:

aaaT [Ṁ(xxx1)−2C(xxx1,xxx2)
]

aaa = 0, ∀aaa ∈ Rn (7)

We consider a reference signal xxxm for the trajectory tracking problem,
which is smooth and satisfies xxxm, ẋxxm, ẍxxm ∈ L∞. The tracking error signals are
further defined by eee1 = xxx1 − xxxm and eee2 = xxx2 − ẋxx2. Substituting eee1 and eee2 into

Copyright by the author(s) and/or respective owners. Published with authorisation by CEAS.



Composite Adaptive Control for Robot Manipulator Systems 5

Eqs. (3) and (4) yields
ėee1 = eee2 (8)

M(xxx1)ėee2 =W (xxx1,xxx2, ẍxxm)θθθ ∗+uuu (9)

wherein W (xxx1,xxx2, ẍxx)θθθ ∗ =−M(xxx1)ẍxxm −C(xxx1,xxx2)−g(xxx1). Hereafter, for the sake
of brevity, arguments of matrix functions will be ignored except for additional
explanations.

Given the tracking error dynamic model and assuming full state feedback
(i.e., perfect measurements of signals xxx1 and xxx2), the control objective is to
design control signal uuu, such that limt→∞{eee1(t),eee2(t)}= 000n×1.

3 Composite Adaptive Control Scheme Development and
Stability Analysis

In this section, a composite adaptive control method is presented to address
the tracking control problem of robor manipulators in the presence of param-
eter uncertainties. First, as an essential part of the whole control method, a
low-pass filtered model is introduced in next subsection.

3.1 Filtered System Model

Define the following filtered states and regressor matrix,

ėee f 1(t) = −αeee f 1(t)+ eee1(t), eee f 1(0) ∈ Rn (10)
ėee f 2(t) = −αeee f 2(t)+ eee2(t), eee f 2(0) ∈ Rn (11)
Ẇf (t) = −αWf (t)+Wr(t), Wf (0) ∈ Rn×m (12)

where α > 0 is any user-defined filter gain, WWW r is defined by

Wrθθθ ∗ =Wθθθ ∗+M(kveee2 + kpeee1)+ Ṁ[(kv −α)eee f 2 + kpeee f 1 + eee2] (13)

and here kp,kv ∈ R are positive constants. Further define u̇uu f =−αuuu f +uuu just
for analysis purposes, and substitute Eqs. (10)-(12) into Eqs. (3) and (4), to
result in

d
dt
(ėee f 1 − eee f 2) =−α(ėee f 1 − eee f 2) (14)

d
dt
[M(ėee f 2 + kpeee f 1 + kveee f 2)+Wf θθθ ∗+uuu f ] =

−α[M(ėee f 2 + kpeee f 1 + kveee f 2)+Wf θθθ ∗+uuu f ]
(15)

which renders
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ėee f 1 = eee f 2 + γγγ1, γγγ1(t) = γγγ1(0)e
−αt (16)

M(ėee f 2 + kpeee f 1 + kveee f 2) =Wf θθθ ∗+uuu f + γγγ2, γγγ2(t) = γγγ2(0)e
−αt (17)

If we take uuu f = −Wf θ̂θθ , where θ̂θθ ∈ Rm denotes the estimation of θθθ ∗, and
further choosing Wf (0) = 000n×m, eee f 1(0) = [(α−kv)eee1(0)−eee2(0)]/[α(α−kv)+kp]
and eee f 2(0) = [kpeee1(0)+αeee2(0)]/[α(α − kv)+ kp], then we have γγγ1 ≡ 000n×1 and
γγγ2 ≡ 000n×1, thus the filtered system model can finally be given as follows.

ėee f 1 = eee f 2 (18)

M(ėee f 2 + kpeee f 1 + kveee f 2) =Wf θθθ ∗+uuu f (19)

3.2 Composite Adaptive Controller Design

Before designing the adaptive controller, the following discussion is in order.

1) An auxiliary variable βββ which is defined by the following equation will be
employed in the adaptive law design.

βββ =−ėee f 2 − kpeee f 1 − kveee f 2 (20)

From Eq. (19) and recall that uuu f follows the form uuu f =Wf θ̂θθ , it can be read-
ily verified that βββ = MMM−1(xxx1)Wf θ̃θθ , where θ̃θθ = θ̂θθ −θθθ ∗. Thus the attainable
variable βββ explicitly contains the information concerning the parameter
estimation error.

2) Recalling Eq. (19), one has

Waθθθ ∗ = uuu f (21)

where
Waθθθ ∗ = M(ėee f 2 + kpeee f 1 + kveee f 2)−Wf θθθ ∗ (22)

These results indicate that, by introducing filtered states and regressor
matrices, the information of the unknown parameter vector θθθ ∗ (coupled
with Wa) can be acquired through the auxiliary control input uuu f .

Then the main result of this paper, a composite adaptive tracking control
scheme for the rigid robot manipulator application, is summarized in the
following theorem.

Theorem 1. Consider the tracking error dynamics of robot manipulator sys-
tems in Eqs. (3)-(4), and the filtered states and regressor matrices introduced
in Eqs. (10)-(12). Suppose the controller uuu(t) and the update law for the pa-
rameter estimator θ̂θθ(t) are respectively given by

uuu(t) = u̇uu f (t)+αuuu f (t), uuu f (t) =Wf (t)θ̂θθ(t) (23)
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˙̂θθθ(t) =−(
1

2kv
+ kaµ)WWW T

f (t)βββ (t)− kakcΩΩΩ a(t) (24)

where

ΩΩΩ a(t) =

{
CCC(t)[AAA(t)θ̂θθ(t)−BBB(t)] if ∀ta ∈ [0, t], rank(AAA(ta))< m
AAA−1(ta)[AAA(ta)θ̂θθ(t)−BBB(ta)] ta = min{argτ∈[0,t][rank(AAA(τ)) = m]}

(25)
with CCC(t) = AAA(t)[AAA(t)AAA(t)+aIIIm×m]

−1, AAA and BBB are defined by

ȦAA(t) =−σAAA(t)+W T
a (t)Wa(t), AAA(0) = 000m×m (26)

ḂBB(t) =−σBBB(t)+W T
a (t)uuu f (t), BBB(0) = 000m×1 (27)

and µ,ka,kc,a,σ are user-defined positive constants. Then for arbitrary
eee1(0),eee2(0) ∈ Rn and θ̂θθ(0) ∈ Rm, it can be guaranteed that

lim
t→∞

{eee1(t),eee2(t),Wf (t)θ̃θθ(t)}= 000n×1 (28)

Furthermore, if Wa(t) satisfies a FE condition as given in Definition 1, the
tracking errors eee1 and eee2, and also the parameter estimation error θ̃θθ expo-
nentially converge to zero.

Proof. Consider the following storage function,

V =
ρ
2
(kpeeeT

f 1eee f 1 + eeeT
f 2eee f 2 +

1
kab

θ̃θθ Tθ̃θθ)+ eeeT
f 1eee f 2 (29)

where ρ and b are positive constants introduced just for stability analysis
purposes, such that

ρ ≥ max{ 2
kp

,2,
4
kv

+
4kv

kp
,

2
µkp

}, b ≤ λmin(M) (30)

and here λmin(M) denotes the minimum eigenvalue of M. From Eq. (29), one
has

V ≥ (
kpρ

2
− 1

2
)eeeT

f 1eee f 1 +(
ρ
2
− 1

2
)eeeT

f 1eee f 1 +
ρ

2kab
θ̃θθ Tθ̃θθ (31)

Thus V is a valid Lyapunov function candidate when ρ satisfies the condition
given in Eq. (30).

Substituting Eqs. (18) and (19) into the time derivative of V yields

V̇ =− kpeeeT
f 1eee f 1 − (ρkv −1)eeeT

f 2eee f 2

− kveeeT
f 1eee f 2 +(eee f 1 +ρeee f 2)

TMMM−1(xxx1)WWW f θ̃θθ +
ρ

bka
θ̃θθ T ˙̂θθθ

(32)

According to Cauchy-Schwarz inequality, one has
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kveeeT
f 1eee f 2 ≤

kp

4
eeeT

f 1eee f 1 +
k2

v

kp
eeeT

f 2eee f 2 (33)

(eee f 1 +ρeee f 2)MMM−1(xxx1)WWW f θ̃θθ ≤
kp

4
eeeT

f 1eee f 1 +
ρkv

2
eeeT

f 2eee f 2

+(
1

bkp
+

ρ
2bkv

)θ̃θθ T
WWW T

f MMM−1(xxx1)WWW f θ̃θθ
(34)

Then, substituting Eqs. (33) and (34) into Eq. (32), one has

V̇ ≤−
kp

2
eeeT

f 1eee f 1 −
ρkv

4
eeeT

f 2eee f 2

+(
1

bkp
+

ρ
2bkv

)θ̃θθ T
WWW T

f MMM−1(xxx1)WWW f θ̃θθ +
ρ

bka
θ̃θθ T ˙̂θθθ

(35)

Further substituting adaptive law Eq. (24) into Eq. (35), one can obtain

V̇ ≤−
kp

2
eeeT

f 1eee f 1 −
ρkv

4
eeeT

f 2eee f 2 −
ρµ
2b

θ̃θθ T
WWW T

f MMM−1(xxx1)WWW f θ̃θθ − ρkc

b
θ̃θθ TΩΩΩ a (36)

It should be noted that Eq. (30) is employed in Eqs. (35) and (36). The
remainder of proof is separated into two parts given different conditions.

1) Wa fails to satisfy the FE condition. From the definition of AAA(t) and BBB(t)
in Eqs. (26) and (27), one can readily verify that AAA(t) is a positive semi-
definite matrix for all t ≥ 0, and BBB(t) = AAA(t)θθθ . Thus

V̇ ≤−
kp

2
eeeT

f 1eee f 1 −
ρkv

4
eeeT

f 2eee f 2 −
ρµ
2b

θ̃θθ T
WWW T

f MMM−1(xxx1)WWW f θ̃θθ

− ρkc

b
θ̃θθ T

AAA[AAAAAA+aIIIm]
−1AAAθ̃θθ

≤−
kp

2
∥eee f 1∥2 − ρkv

4
∥eee f 2∥2 − ρµ

2b2 ∥WWW f θ̃θθ∥2

(37)

Accordingly, we have eee f 1,eee f 2, θ̃θθ ∈L∞, recall xxxm, ẋxxm, ẍxxm ∈L∞, we can obtain
Wf ∈ L∞. Further from Eqs. (18) and (19), one has ė f 1, ė f 2, ë f 1, ë f 2 ∈ L∞.
Since Eq. (37) also indicates eee f 1,eee f 2,Wf θ̃θθ ∈ L2. According to Barbalat’s
lemma, these results ensure

lim
t→∞

{eee f 1(t),eee f 2(t), ėee f 1(t), ėee f 2(t),Wf (t)θ̃θθ(t)}= 000n×1 (38)

Finally, recall Eqs. (10) and (11), we have

lim
t→∞

{eee1(t),eee2(t),Wf (t)θ̃θθ(t)}= 000n×1 (39)

2) Wa satisfies the FE condition. By the defnition of FE, there exist finite
constants t∗ ≥ 0, T > 0 and c > 0, such that

Copyright by the author(s) and/or respective owners. Published with authorisation by CEAS.



Composite Adaptive Control for Robot Manipulator Systems 9∫ t∗+T

t∗
W T

a (τ)Wa(τ)≥ cIIIm×m (40)

Thus, from Eq. (26), one has

AAA(t∗+T ) =e−σ(t∗+T )
∫ t∗+T

0
eστW T

a (τ)Wa(τ)dτ

≥e−σ(t∗+T )eσt∗
∫ t∗+T

t∗
W T

a (τ)Wa(τ)dτ

≥ce−σT IIIm×m

(41)

This result indicates if WWW a satisfies the FE condition, then there always
exists a finite time ta, such that rank(AAA(ta)) = m. Within this context, the
storage function V satisfies

V̇ ≤−
kp

2
∥eee f 1∥2 − ρkv

4
∥eee f 2∥2 − ρµ

2b2 ∥WWW f θ̃θθ∥2 − ρkc

b
∥θ̃θθ∥2 ≤−ωV (42)

after a finite time ta, where ω = 2/ρ. Eq. (42) ensures the exponential
convergence of eee f 1, eee f 2 and θ̃θθ . Then owing to Eqs. (10), (11), (18) and (19),
we can finally guarantee that the tracking errors eee1, eee2 and the parameter
estimation error θ̃θθ could exponentially converge to zero.

The proof is complete.

4 Numerical Simulation

To study the effectiveness of the proposed controller, the two-link robot ma-
nipulator example presented in Ref. [16] is employed. The robot model is
defined by

M(xxx1) =

[
p1 +2p3 cos(x12) p2 + p3 cos(x12)
p2 + p3 cos(x12) p2

]
(43)

C(xxx1,xxx2) =

[
−p3x22 sin(x12) −p3(x21 + x22)sin(x12)
p3x21 sin(x12) 0

]
(44)

where θθθ ∗ = [p1, p2, p3]
T = [3.6,0.2,0.15]T is the unknown parameter vector.

The initial conditions are set to be xxx1(0) = xxx2(0) = 0002×1 and θ̂θθ(0) = [1,0,2]T.
The reference signal is defined by xxxm = [e−0.2t cos(t)+2,e−0.2t sin(t)+2]T. And
choosing the control parameters to be kp = 10, kv = 5, α = 5, ka = 1, µ = 0.2,
kc = 20, σ = 0.05, a = 0.1. To show the advantages of the proposed method
(denoted as “CAC”), the CE-based adaptive controller in Ref. [17] and the
I&I-based non-CE adaptive controller in Ref. [18] (denoted as “CE” and
“NCE”, respectively) are also employed to make comparison, and their var-
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ious control parameters have been carefully adjusted to achieve satisfactory
transient performance.

Under all these settings, simulation results are given in Figs. (1)-(3). The
state tracking errors eee1 and eee2 are illustrated in Figs. 1 and 2, respectively.
One can see that all the three control methods could ensure the convergence
of tracking errors, and it is remarkable that the proposed method renders
a superior transient performance and steady precision when compared to
the other two controllers. Fig. 3 further shows the responses of parameter
estimation errors under different controllers. With the weakening of excitation
of the reference signal, CE-based controller cannot guarantee the convergence
of θ̂θθ at its true value, the non-CE method presented in Ref. [18] has a better
performance than CE-based method regarding parameter estimation, but still
renders residual errors. On the other hand, the adaptive method proposed in
this paper ensures precise parameter estimation, θ̂θθ ripidly converges to θθθ ∗.

Fig. 1 Time responses of eee1 under different controllers

5 Conclusion

A novel adaptive control scheme with robot manipulator application is pro-
posed in this paper. The most important feature of this new approach is
that it could potentially guarantee the precision convergence of parameter
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Fig. 2 Time responses of eee2 under different controllers

Fig. 3 Time responses of θ̃θθ under different controllers
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estimation errors if system states satisfy a finite excitation condition. The
overall implication of this result is the improved closed-loop performance of
the adaptive controller at the additional cost of increased memory allocation
for the adaptive controller due to the use of the information matrix in the
feedback structure. Numerical simulation results are presented to illustrate
the various features of the proposed method. Further work in this direction
would consider robustness modifications to account of imperfect measure-
ments and possible presence of unmodeled dynamics.
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