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ABSTRACT 

This paper addresses the attitude tracking control problem for an experimental sub-orbital vehicle, with 

destabilizing fuel sloshing dynamics and limited actuation bandwidth. As part of the control design process, 

a Linear Time-Invariant (LTI) model, including the rigid-body translational and rotational dynamics, as 

well as fuel sloshing dynamics, is thoroughly formulated, validated, and then ultimately used for controller 

synthesis and analysis. A stability analysis is performed confirming the destabilizing sloshing dynamics 

present in the vehicle considered. To address this problem, a set of filters is included in the structure of the 

controller, with the associated parameters being tuned by solving a non-smooth optimization problem. Gain 

and phase margins, as well as Monte-Carlo (MC) results obtained by using a high-fidelity Functional 

Engineering Simulator (FES), demonstrate that the controller meets the desired levels of performance and 

robustness. 
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Nomenclature  

Φ, Θ, Ψ = Euler angles (roll, pitch, yaw) 

𝑝, 𝑞, 𝑟 = Euler angles rates (roll rate, pitch rate, yaw rate) 

𝑌̇, 𝑍̇ = Linear velocities perturbations (drift-Y, drift-Z) 

𝐹𝑎 = Aerodynamic force 

𝑀 = torque 

𝑇 = thrust 

𝐷 = drag 

𝑚 = mass 

𝑉 = velocity 

𝐼𝑥𝑥 , 𝐼𝑦𝑦 , 𝐼𝑧𝑧= inertia along x, y, and z axis 

𝑘 = stiffness 

𝑐 = damping 

𝐶𝑜𝐺 = Centre of Gravity 

𝑥𝑇𝑉𝐶  = distance between TVC position and CoG 

𝑥𝑎 = distance between the center of pressure position and CoG 

𝐿𝑂𝑋 = Liquid Oxidizer 

𝐿𝑁𝐺 = Liquified Natural Gas (Fuel) 

𝐼𝑀𝑈 = Inertial Measurement Unit 

𝐺𝑁𝑆𝑆 = Global Navigation Satellite System 

1 Introduction 

In the context of an ESA-sponsored project under the GSTP program, Omnidea is currently engaged 

in the activity Portuguese Enabling Technologies and Building Blocks – Phase 2, aiming to develop 

technology building blocks that will demonstrate technologies for potential utilization in small launcher 

applications. In particular, an experimental sub-orbital vehicle (SoV) is being developed as a means to 

bolster the development of key technologies by the Portuguese industry and establish integration 

capabilities. In this context, DEIMOS is responsible for the development of a Functional Engineering 

Simulator (FES), and for the preliminary design, implementation, and analysis of a Guidance, Navigation, 

and Control (GNC) subsystem. Given that the project is in its early stages where the system management 

and design of the vehicle is still in progress, the development of the GNC should take this into account 

and contribute with inputs to the system definition and design, for instance, in terms of control authority 

and stability analysis. The FES 

corresponds to a nonlinear, high-fidelity 

simulator, including effects such as the 

Thrust Vector Control (TVC) nonlinear 

actuator model, the Reaction Control 

System (RCS) nonlinear actuator model, 

fuel sloshing, aerodynamics, Tail-Wags-

Dog (TWD) effect, Mass, Center-of-

gravity, and Inertia (MCI) model, and 

environment and perturbation models (e.g., 

wind turbulence and atmosphere models). 
 

Fig. 1 GNC architecture 
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All the models have been either developed and validated during the project or inherited from internal 

DEIMOS libraries. 

Besides providing inputs from controllability analysis to the system, the main challenge for the 

development of the GNC is the control design considering the fuel sloshing effect. Other effects, such as 

flexibility, were deemed to have a smaller impact on the dynamics, given the relatively short length 

(approximately 6 m) of the vehicle. The Guidance function consists in a Look-Up-Table (LUT) indexed 

by the non-gravitational velocity, providing the three Euler angles representing the reference attitude. The 

angles are then compared to the estimates from Navigation, yielding the angle error that is then fed to the 

controller, which is responsible for commanding the TVC deflection angles and the RCS ON/OFF 

commands (see figure 1). 

This paper is organized as follows: the problem is formulated in section 2; the control design is 

presented in section 3 – first the general design approach is presented, followed by the LTI generation 

and validation. The control synthesis is presented next and the obtained controllers are analyzed and tested 

in the FES.  

2 Problem Formulation 

A small experimental sub-orbital vehicle, with 5.497 m of length and 1 m of diameter, as illustrated 

in figure 2, with the body frame located at the tip of the nose cone (x-axis being the longitudinal axis), 

and both oxidizer and fuel tanks located on top and below the total center of mass, CoG, of the vehicle, 

respectively, being the fuel tank closer to the CoG. The FES includes 

a model of the vehicle together with the given specific aerodynamics 

and MCI data. The FES also contains several other high-fidelity 

models/effects such as the atmosphere, wind and turbulence, TWD, 

TVC, RCS, GNSS and IMU, and fuel sloshing.  

The problem can now be formulated as follows: given the 

nonlinear model implemented in the FES, that receives the TVC and 

RCS actuation signals and outputs the current vehicle state as 

measured by the GNSS and IMU sensors, compute the actuation 

signals such that a predefined trajectory is followed. 

For the ascent trajectory considered in this activity, the Guidance 

was implemented as an LUT that outputs the reference trajectory. 

The Navigation is such that it estimates the vehicle state from the 

sensors measurements with a given accuracy. Finally, the Controller 

is designed such that the reference trajectory can be followed and 

pre-defined levels of performance and robustness are attained. This 

paper only addresses the Control problem, assuming that the other 

components, in particular the Navigation function, perform withing 

the desired specifications. 

 

Fig. 2 Diagram of the vehicle 
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3 Control Design 

3.1 Controller Design approach 

This section describes the controller synthesis approach adopted in this paper, which is based on 

robust control theory applied to launcher GNC, exploiting the advances of the last decade in this field 

[3][4]. The process starts with the linearization of the dynamics, which are then validated against the 

nonlinear models using the FES, with the latter being a key step in the control design process. These 

linearized models are used, together with the dynamic weights (design tuning nobs), in the design 

interconnection for the controller synthesis. 

For the problem presented in this paper, an H∞ control design approach was selected, given that H∞ 

constraints are suitable to ensure robust stability and performance for families of plants typically 

described in a Linear Fractional Transformation (LFT) fashion. The overall controller synthesis 

methodology can be structured into the following three main steps: 

• Modelling: The model adopted within the work reported in this document is described by a 

sequence of analytical LTI models, which are then validated against the nonlinear dynamics. 

Some of the LTI’s parameters are set to be uncertain, according to the time evolution of the 

nonlinear dynamics in the FES.  

• Controller synthesis: This step is where the controller is actually computed by using, in this 

case, an H∞ control design approach (e.g., using routines such as systune in MATLAB® [10]). 

• Analysis: The closed-loop system is finally evaluated with the controller obtained in the 

previous step. It is typically beneficial to iterate between these last two steps, either manually 

or by using (global) optimization approaches. 

The first step in the design of the controller is the selection of the dynamic weights or performance 

goals. The selection is typically done based on knowledge regarding the exogenous disturbances acting 

on the system, as well as on the measurement noise, actuator dynamics and constraints, and desired 

performance levels. In figure 3, the interconnection used to synthesize the controller based on the 

minimization of the norm of the transfer functions is depicted. The interfaces of the system are as follows: 

• The inputs and outputs of the Δ block modelling the uncertainties (this is used only for 

performance and robustness analyses; the nominal values of the plant are used for synthesis); 

• The input and output of the Δ delay block modelling the systems delays from sensors, 

Navigation algorithm, and actuation; 

• The noise blocks, modeling the sensor noises; 

• The disturbances (exogeneous inputs), modeling perturbations that are added as inputs to the 

system through the same channel as the commands, such as actuator imperfections, etc.; 

• The performance outputs. 

The signals feeding into, and coming out of, the system is weighted according to their physical 

meaning. These weights are applied to the disturbances at the input of the plant, the noise of the 

measurements, the control commands and over the performance outputs. 
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Once the interconnection is formulated, an optimization problem is solved so as to minimize the gain 

from the selected inputs (disturbances and measurement noise, and possibly outputs of a delta-block, 

representing model uncertainty, and delta-delay-block, representing uncertain delays in the system) to the 

desired performance outputs.  

For the purpose of the controller synthesis, the wind turbulence and sloshing disturbances are 

considered the most relevant perturbations to the controller behavior. Observing their impact in the 

nonlinear system, the magnitude of the corresponding disturbance is in the order of magnitude of 

hundreds of Nm, the sloshing adding a disturbance in the sloshing frequency around 1.1Hz and the wind 

turbulence being modeled as a disturbance with an approximately constant level at all frequencies. This 

motivated the selection of a constant disturbance dynamic weight Wd with 100 Nm low frequency gain. 

The actuator model contributes also with a delay that is added to the delays of the system and used in the 

control design, considering a Padé approximation. 

Regarding noise, it was observed that the signal computed by Navigation entailed an error of 

magnitude around 0.1 degrees. Therefore, a constant weight for angular noise of magnitude 0.1 degrees 

and a high pass transfer function weight for the angular rate noise are used in the control design. The 

measurement also contributes with a delay that is also added to the overall delay impacting on the system. 

3.2 LTI Generation and Validation 

In order to perform a robust control design for the GNC subsystem, a Linear Time Invariant (LTI) 

representation of the model implemented in the FES was required. The derivation of a reliable LTI is of 

paramount importance for the control design process, justifying the need of an in-depth validation against 

the nonlinear simulator. In this section, the process of generating the LTI representation of the nonlinear 

dynamics through the analytical equations is briefly mentioned. Since the development of the LTI require 

the linearization, i.e., the linear approximation, of highly nonlinear functions, the linearization error can 

become large after a few seconds of comparison. To tackle this problem, a sequence of LTIs is generated 

by sampling the LTI’s parameters time evolution during a nominal FES simulation. The validation is then 

performed at different linearization times along the trajectory by applying a perturbation at a given time 

and comparing the evolution of the states from the nonlinear simulation and from the LTI, for the same 

input. It is remarked that the full derivation of the LTI model is not presented here for the sake of brevity. 

The generation of the LTI starts from the linear and angular momentum conservation equations, 

assuming zero reference angular velocity and small linear and angular velocity perturbations, and it uses 

the small angle approximation to derive the linear system given by 

𝑥̇𝑛 = 𝐴𝑛𝑥𝑛 + 𝐵𝑛𝑢𝑒𝑥𝑡 ,   𝑦𝑛 = 𝐶𝑛𝑥𝑛 (1) 

 

Fig. 3 Controller synthesis interconnection 
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where  𝑥𝑛 = [𝑌̇, 𝑍̇, Φ, Θ,Ψ, p, q, r] is the state composed by the lateral drifts, the attitude angles and angle 

rates, 𝑢𝑒𝑥𝑡 corresponds to the actuation torques, i.e., the torques generated by the TVC and RCS actuation, 

and 

with 𝐶𝑛 selecting the state signals to be monitored. By discarding the firsts two states, the rotational LTI 

can be obtained. The sloshing dynamics are given by 

𝑥̇𝑠 = 𝐴𝑠𝑥𝑠 + 𝐵𝑠𝑢𝑠 + 𝐵𝑛𝑔𝑥𝑛 ,   𝑦𝑠 = 𝐶𝑠𝑥𝑠 + 𝐷𝑠𝑈𝑠
′𝑥̇𝑛 + 𝐷𝑠𝐵𝑛𝑔

′ 𝑥𝑛 

𝑢𝑠 = 𝑈𝑠 𝑥̇𝑛 

(2) 

where 𝑥𝑠 = [𝑥𝐿𝑁𝐺 , 𝑦𝐿𝑁𝐺 , 𝑥̇𝐿𝑁𝐺 , 𝑦̇𝐿𝑁𝐺 , 𝑥𝐿𝑂𝑋 , 𝑦𝐿𝑂𝑋 , 𝑥̇𝐿𝑂𝑋, 𝑦̇𝐿𝑂𝑋] is the state composed by the sloshing mass 

displacements and velocities in both fuel and oxidizer tanks. The 𝑦𝑠 contains the sloshing forces and 

torques without any nonlinear terms. The 𝐵𝑠𝑢𝑠 term provides the linear and angular acceleration inputs 

from the rigid dynamics to the sloshing dynamics, and the 𝐵𝑛𝑔𝑥𝑛 (the ng stands for non-gravitational) 

provides the non-gravitational contributions, in particular the torque generated by a longitudinal force 

acting on the sloshing mass, 𝑇𝐿𝑥, as explained in [1]. This torque is important for the stability analysis 

presented in the sequel. 

To couple the sloshing dynamics in the rigid dynamics, an extra 𝐵𝑛
′  matrix is developed yielding the 

rigid dynamics 𝑥̇𝑛 = 𝐴𝑛𝑥𝑛 + 𝐵𝑛𝑢𝑒𝑥𝑡 + 𝐵𝑛
′ 𝑦𝑠. Rearranging the equations, the final augmented LTI model 

is given by 

[
𝛿𝑥̇𝑛

𝛿𝑥̇𝑠
] = [

𝑆𝑇[𝐴𝑛𝐵𝑛𝐷𝑠𝐵𝑛𝑔
′ ] 𝑆𝑇[𝐵𝑛𝐶𝑠]

𝐵𝑛𝑔 + 𝐵𝑠𝑈𝑠𝑆
𝑇[𝐴𝑛 + 𝐵𝑛𝐷𝑠𝐵𝑛𝑔

′ ] 𝐴𝑠 + 𝐵𝑠𝑈𝑠𝑆
𝑇𝐵𝑛𝐶𝑠

] [
𝛿𝑥𝑛

𝛿𝑥𝑠
] + [

𝐵𝑛

𝐵𝑠𝑈𝑠𝐵𝑛
] 𝛿𝑢𝑛 

(3) 

where 𝑆𝑇 is the transpose of the matrix 𝑆 = 𝐼 − 𝐵𝑛𝐷𝑠𝑈𝑠
′. 

𝐴𝑛 =

[
 
 
 
 
 
 
 
 
 
 
 
 −

𝐹𝑎

𝑉 𝑚
0 0 0

𝐹𝑎 + 𝑇 − 𝐷

𝑚
0 0 −

𝐹𝑎𝑥𝑎

𝑉 𝑚

0 −
𝐹𝑎

𝑉 𝑚
0 −

𝐹𝑎 + 𝑇 − 𝐷

𝑚
0 0

𝐹𝑎𝑥𝑎

𝑉 𝑚
0

0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

0
𝐹𝑎𝑥𝑎

𝑉 𝐼𝑦𝑦

0
𝐹𝑎𝑥𝑎

𝐼𝑦𝑦

0 0 −
𝐹𝑎𝑥𝑎

2

𝑉 𝐼𝑦𝑦

0

−
𝐹𝑎𝑥𝑎

𝑉 𝐼𝑧𝑧
0 0 0

𝐹𝑎𝑥𝑎

𝐼𝑧𝑧
0 0 −

𝐹𝑎𝑥𝑎
2

𝑉 𝐼𝑧𝑧]
 
 
 
 
 
 
 
 
 
 
 
 

, 𝐵𝑛 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 0 0 −

1

𝑚 𝑥𝑇𝑉𝐶

0
1

𝑚 𝑥𝑇𝑉𝐶

0

0 0 0
0 0 0
0 0 0
1

𝐼𝑥𝑥

0 0

0
1

𝐼𝑦𝑦

0

0 0
1

𝐼𝑧𝑧 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including some materials under non-CC-BY 4.0
licenses is hereby granted by the respective copyright owners.



Given this formulation, it was possible to decouple pitch and yaw dynamics (roll is not affected by 

the sloshing), assuming that each of the sloshing mass generates two forces in the body frame (and 

consequently two torques) that affect pitch and yaw independently. The comparison between the 

nonlinear attitude angle perturbations and the ones from the LTI are depicted in figure 4 for the pitch 

angle, for t=50s, which is around the maximum dynamic pressure where the nonlinear dynamics are 

expected to change faster and, thus, the linearization error is expected to be larger. The plots illustrating 

the comparison of the drifts and the sloshing mass displacements are also presented.  

 

At the linearization point, a sinusoidal perturbation is applied to the TVC deflection, in order to affect 

the translational and rotational dynamics of the vehicle. The perturbation in the TVC deflection has an 

amplitude 0.5 deg and frequency 1 Hz (close to the sloshing frequency), in order to excite sloshing. The 

small magnitude of the error even after 2 seconds of simulations demonstrate the reliable representation 

of the dynamics by the analytical LTI model, that will be then used for the control design, as explained 

in the following sections. 

3.3 Robust Control synthesis 

3.3.1 Attitude Controller 

The starting point for the controller synthesis is the definition of the dynamic weights used in the 

design, as mentioned above. Since the actuation to compensate for roll errors is different than for the pitch 

and yaw errors, the design of the roll attitude controller followed the same strategy and structure, but with 

 

 

Fig. 4 Pitch perturbation, drift (in body frame), sloshing displacements (in slosh frame), t=50s 
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different performance and control effort weights. Furthermore, the sequence of LTI identified and 

validated in the previous section is now used for the control design. The same approach and structure are 

used to design the entire LTI sequence's controllers. However, for simplicity, the plots below are obtained 

from the first LTI model only. The parameters that are set to be uncertain correspond to the MCI 

parameters, thrust and drag forces, the TVC and Center of Pressure longitudinal positions, and the 

sloshing masses and spring coefficients. 

The preliminary controller structure is a PD (without any additional filters, for the moment), tuned 

by using systune, with the following inputs: 

• Tracking error: defined to be the difference between the reference and the measured angle, 

for which the proportional gain, Kp, is to be optimized. 

• Measured angular velocity, for which the gain Kd is to be optimized. 

Albeit simple, this control structure is well representative of the industrial state-of-practice [2]. The 

robust control framework was selected due to the benefits mentioned in section 3.1, especially when 

additional control requirements (e.g. induced drift and angle of attack) are considered or when rapid 

missionization (i.e. control retuning for different payloads) is envisaged. 

The pitch and yaw controller dynamic weights design are defined as follows. For the present control 

loop, the performance weight We is defined to have a higher penalization to tracking errors larger than 

0.5 degrees, with a frequency lower than 0.5Hz. These values were obtained by observing the behavior 

of the preliminary GNC system: the maximum angular error was around 0.5 degrees, and the reference 

trajectory variation is relatively slow during the time window around each linearization point and, thus, a 

bandwidth of 0.5 Hz was considered to be sufficiently wide for the type of signal to be followed. 

Using the interconnection illustrated in figure 5 , in which 𝑊𝑝 = 𝑏𝑙𝑘𝑑𝑖𝑎𝑔(𝑊𝑒 , 𝑊𝑢), 𝐺 is the plant 

model, and 𝐾 is the controller, it is straightforward to conclude that, if ‖𝐺̃‖
∞

< 1, then 

‖𝐺̃‖
∞

= ‖𝑊𝑝𝐺̂‖
∞

< 1 ⇒  ‖𝐺̂‖
∞

<
1

‖𝑊𝑝‖
∞

 (4) 

Hence, the closed-loop system is 

compliant with the requirements, 

embedded in 𝑊𝑝  and in the augmented 𝐺̃ 

plant. For this case, 𝑊𝑢 is defined so that 

the range of torques that can be 

generated is such that it can counteract, 

at least, the aerodynamic torque. 

Therefore, observing that the range of 

aerodynamic torques in a nominal 

simulation has a maximum value of 2,000 Nm,  𝑊𝑢 is then defined as a constant set to 5e-04, so that a 1-

degree tracking error generates a torque command smaller than 2,000 Nm, thus keeping the actuators 

sufficiently far from the saturation – the saturation can be computed with the maximum allowed TVC 

angle of 8 degrees and with the average thrust level, yielding a maximum torque around 9,000 Nm. 

From figures 6 and 7, it is possible to observe that the requirements in terms of tracking error and 

maximum control effort are satisfied in this case, for the nominal system, being the uncertain system 

analyzed in the sequel. The blue line corresponds to the singular value of the transfer function from 

disturbances and noise to the input of the We weight. Since this weight is fed by the tracking error, and 

 

Fig. 5 Simplified interconnection view for controller synthesis 
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the physical system (vehicle) behaves as a low-pass filter, very high-frequency disturbances do not impact 

this tracking error. Hence, there is no feedthrough from disturbances to this output channel, thus justifying 

the shape of the plot. 

 

Fig. 6 Singular values of the transfer function from 

exogenous inputs to tracking error performance 

VS requirement (pitch & yaw) 

 

Fig. 7 Singular values of the transfer function from 

exogenous inputs to control effort VS requirement 

(pitch & yaw) 

 

For the roll attitude controller, the actuation is done through the RCS. The 𝑊𝑢  weight for roll control 

should be different from the one for yaw and pitch because (1) the disturbances affecting roll are relatively 

small when compared to the ones affecting pitch and yaw, and (2) the RCS generates torques one order 

of magnitude lower than those from the TVC. The 𝑊𝑢 weight is defined as a constant set to 0.02, so that 

a 1-degree tracking error generates a torque smaller than 50 Nm, which is approximately the torque that 

RCS can provide. The 𝑊𝑒  for the roll controller synthesis is defined to have a constant penalization to 

tracking errors higher than 3 degrees. Initially, this value was the same as for the pitch and yaw controller. 

However, since the driving requirement for roll control is on the maximum roll rate of 10 deg./s, it is not 

necessary to have a higher penalization on the angle. Figures 8 and 9 depict the transfer functions from 

the exogenous inputs to tracking error performance and control effort, and the respective requirements. 

 

 

Fig. 8 Singular values of the transfer function from 

exogenous inputs to tracking error performance 

VS requirement (roll) 

 

Fig. 9 Singular values of the transfer function from 

exogenous inputs to control effort VS requirement 

(roll) 

Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including some materials under non-CC-BY 4.0
licenses is hereby granted by the respective copyright owners.



Considering the above-mentioned approach, structure and dynamic weights, and using the rotational 

LTI model coupled with sloshing LTI for the controller synthesis, the preliminary rigid+sloshing 

controller can be obtained. 

In fact, when using the preliminary rigid+sloshing controller described above, the nominal simulation 

in the FES yielded an unstable result: the sloshing masses oscillate significantly and, at some point, the 

TVC actuation saturated. This behavior appears when the sloshing torque generated by a longitudinal 

force acting on the sloshing mass 𝑇𝐿𝑥, mentioned above, is active in the sloshing model implemented in 

the FES. This result motivated the stability analysis on the LTI side to better understand why the controller 

obtained previously yields unstable results in the presence of the torque 𝑇𝐿𝑥. For this purpose, and since 

the sloshing dynamics couples the rotational and translational motion, a more complete LTI 

representation was developed and validated against the nonlinear model, as described in section 3.2, 

including the rotational and sloshing dynamics as used before with the addition of the translational 

dynamics, i.e., the drifts states. 

In this analysis, two types of LTI models were generated: an LTI model with translational, rotational, 

and sloshing dynamics, with and without 𝑇𝐿𝑥. For each of these LTI models, the controller described 

above was used to generate the corresponding root-locus plots. Figure 10 shows the root-locus of the 

system composed of the preliminary rigid+sloshing controller and the complete LTI model without the 

torque 𝑇𝐿𝑥  with a zoom in the area of the sloshing poles and zeros, respectively. Figure 11 shows a similar 

root-locus, but now considering the 𝑇𝐿𝑥  with a zoom in the same area. In both figures, the poles and zeros 

on the top correspond to the oxidizer tank dynamics and the poles and zeros below correspond to the fuel 

tank dynamics. 

 

As it is apparent in the zoom-in figures, using 𝑇𝐿𝑥 in the LTI yielded a root-locus “closing through 

the right”, while without this torque, the root-locus “closes through the left”. The consequence of this is 

that the 𝑇𝐿𝑥 yields a closed-loop system that is unstable for most of the controller gain range [5] [6] [7]. 

In fact, if no damping is considered in the sloshing dynamics, the sloshing poles and zeros will be in the 

imaginary axis, in which case the root-locus with the 𝑇𝐿𝑥 will always be unstable, leading to the 

conclusion that baffles are required using this structure of a controller [1] [5] [6] [7]. However, in the 

sloshing model used, there is a small amount of damping and, as it can be observed in the figures, there 

are some very small and very large root-locus gains that can stabilize, at least, the oxidizer poles. The 

 

Fig. 10 Root-locus of the controller with LTI not 

containing the torque 𝑻𝑳𝒙, zoom in 

 

Fig. 11 Root-locus of the controller with LTI 

containing the torque 𝑻𝑳𝒙, zoom in 
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main problem is that, if those gains are selected, the preliminary rigid+sloshing performance is either 

unsatisfactory in terms of angle tracking error, or it saturates the TVC actuation. To address this problem, 

there are, at least, two possible solutions: (1) one could add baffles to increase sufficiently the damping 

such that the unstable root-locus arc is mostly to the left of the imaginary axis; (2) designing a specific 

filter that can add poles and zeros around the unstable sloshing poles and zeros so that these last poles can 

close to the filter’s zeros and vice-versa, i.e., to attract the root-locus curves to the left-hand side. Such a 

filter is proposed, for instance, in [8], and it has the following structure 

𝐻(𝑠) =
𝜔𝑑

2

𝜔𝑛
2
∙  

𝑠2 + 2𝜁𝑛𝜔𝑛𝑠 + 𝜔𝑛
2

𝑠2 + 2𝜁𝑑𝜔𝑑𝑠 + 𝜔𝑑
2   , 

(5) 

where 𝜔𝑑 should be larger than the unstable tank zero 

frequency, 𝜔𝑛 should be smaller than the unstable 

tank pole frequency, and 𝜁𝑛 = 𝜁𝑑. It is remarked that 

more refined sloshing modes with higher modes may 

require more complicated filter structures, but for our 

current phase this one suffices. 

For the purpose of this analysis, the filter H(s) 

was first adjusted to the poles-zeros setting presented 

in figure 11, yielding the root-locus depicted in figure 

12. Hence, the filter was able to address the issue 

caused by the “closing through the right” root locus, 

by forcing the poles and zeros of the unstable oxidizer 

tank to the zeros and poles of the filter. In this case, 

the closed-loop system remains stable for any 

feedback gain. 

In order to obtain a controller that can stabilize the system, the filter described in eq. (5) was added in the 

structured robust control design optimization, i.e., the controller gains and the filter parameters were 

jointly optimized, and the complete uncertain LTI model with the 𝑇𝐿𝑥 was used. The gains and filter 

parameters obtained are presented in figures 13 and 14.  The discontinuity present in the figures around t 

= 80 s is related to the fact that the control effort design weight was reduced for larger ground speeds, in 

order to attenuate the impact of disturbances during the last few seconds of flight. While no significant 

transients were observed due to this discontinuity, it is recommended that, as future work, smoother 

variations between gains are pursued. Figures 15 and 16 illustrate the obtained performance for both 

tracking error and control effort for the designed controller including the filter, for the nominal system. 

The controller gains presented here are, hereafter, referred to as “rigid+sloshing controllers”. 

 

Fig. 12 Root-locus of the controller and filter with 

LTI containing the torque 

Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including some materials under non-CC-BY 4.0
licenses is hereby granted by the respective copyright owners.



 

 

The controller implementation in the FES uses LUTs to interpolate the gains and computes the filter 

matrices in state space format, used to filter the controller commands. In order to minimize the impact of 

transients due to gain and filter scheduling, the LUT interpolates linearly the gains and the D-

methodology is adopted (cf. [9]). The commanded torques are transformed into TVC deflection angles 

and RCS commands before sending them to the corresponding actuator models. 

It is remarked that the TVC dynamics present in the nonlinear FES model, with the exception of the 

time delay, were neither included in the control design nor in the controller performance analysis, since 

the TVC model adopted at this early stage of the project may suffer modifications. In particular, the TVC 

 

Fig. 13 Pitch and Yaw controller gains and filter 

parameters for the complete LTI with sloshing 

 

Fig. 14 Roll controller gains for the complete LTI 

with sloshing 

 

Fig. 15  Singular values of the transfer function 

from exogenous inputs to tracking error 

performance considering the PD+filter (pitch & 

yaw) 

 

Fig. 16  Singular values of the transfer function 

from exogenous inputs to control effort 

considering the PD+filter (pitch & yaw) 
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model adopted corresponds to a worst-case scenario and the usage of such model in the control synthesis 

and analysis could lead to an over-tailoring of the controller to a pessimistic scenario. 

3.3.2 Controller analysis 

 This section presents the frequency analysis of the rigid+sloshing controller considering the LTI 

model accounting for the translational, rotational, and sloshing dynamics. Figures 17 to 20 depict the 

reference to error transfer function, noise to error transfer function, torque disturbance to error transfer 

function, and the Nyquist diagram, all for the uncertain dynamics in which the uncertainties are the ones 

used in the LTI. In particular, figures 17 to 19 correspond to 20 randomly generated instances of the 

transfer functions, provided for illustrative purposes. Regarding the computation of the red disk in figure 

20, a total of 500 random instances of the uncertainty system were generated and, for each instantiation, 

the disk margin was computed. The plotted disk margin corresponds to the smallest disk. The 

rigid+sloshing controller, composed of the PD gains and the filter, is able to stabilize the complete LTI 

model, with relatively fast reference tracking capabilities, while minimizing the perturbations introduced 

by the sloshing dynamics. 

The low- and high-frequency gain and delay margins in nominal conditions are presented in table 1, 

which correspond to the robustness metric considered. 

It is remarked that the margins are computed using the system composed of the PD controller with 

the filter, the total delay using a Padé approximation, and the uncertain rigid+sloshing LTI model. In 

addition, note that the margins were analyzed for the LTI models at every 10 seconds of the trajectory. It 

is possible to observe that the gain margins are above the typical requirement value of 6 dB. 

 

Fig. 17 Reference to error uncertain transfer 

function 

 

Fig. 18 Noise to error uncertain transfer function 

 

Fig. 19 Torque disturbance to error uncertain 

transfer function 

 

Fig. 20 Uncertain Nyquist diagram, zoom in. The 

red circle corresponds to the disk margin function 
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Table 1 Gain margins for low and high frequency and minimum phase margins in nominal conditions of 

the rigid+sloshing controller 

Linearization Time [s] 
Gain Margin [dB] at 

Low freq. 

Gain Margin [dB] at 

High freq. 

Minimum Delay 

Margin [ms] 

10 50.10 12.54 64.4 

20 36.64 12.50 63.8 

30 34.12 12.44 63.1 

40 35.21 12.43 62.5 

50 40.41 12.24 61.2 

60 45.23 12.08 59.9 

70 40.13 12.15 60.0 

80 36.49 12.32 60.7 

90 36.19 12.08 56.3 

100 37.22 12.10 57.0 

110 39.97 11.38 53.7 

4 Results 

To assess the performance of the overall GNC, considering the rigid+sloshing controller that includes 

the PD and filter values presented above, a Monte Carlo (MC) campaign was performed composed by 

500 runs, dispersing the prescribed uncertainties and perturbation including steady-state wind and 

moderate turbulence level.  

 

Fig. 21 Flight corridor error 

 

Fig. 22 Roll rate 
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Fig. 23 Pitch rate 

 

Fig. 24 Yaw rate 

Figure 21 depicts the flight corridor error, i.e., the 

norm of the error between the reference position in 

the ECEF frame and the actual perturbed position 

obtained with the controller in the loop. All the runs, 

except 3 out of 500, albeit marginally, satisfy the 

requirements. 

Figures 22 to 24 show the attitude rate and the 

associated requirement, for which there were no 

failed runs. Finally, figure 25 shows the TVC 

deflection angles and it is possible to verify that no 

run violated the requirement as well. 

 

5 Conclusion 

In this paper a PD-like, gain-scheduling, H∞ robust control approach was adopted for controlling the 

attitude of the sub-orbital vehicle. The nonlinear model of the vehicle includes several effects such as 

TVC and RCS nonlinear actuator models between others and, in particular, fuel sloshing, which 

contributed significantly to making the overall system unstable. To address this problem, an LTI model 

was developed, including the linearized sloshing dynamics, and used for controller design. The inclusion 

of the sloshing dynamics in the LTI model not only allowed to assess the sloshing poles location, but also 

to optimize the parameters of a filter specifically designed to dampen these poles as part of the H∞ design 

process. The resulting controller was analyzed and tested in closed-loop with the nonlinear model and the 

results have demonstrated the requirements satisfaction. 
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Fig. 25 TVC deflection angles 
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